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INTRODUCTION

» Choice data has often a probabilistic nature

» Individual behavior has been shown to be stochastic
» The result of aggregating heterogenous individual behavior
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INTRODUCTION

» An analyst has a description of actual random behavior.
Consider the ideal case where the dataset is statistically
error-free.

» The analyst aims at understanding the data from the
perspective of her favorite stochastic choice model: predicted
randomness

» Empirically observed choice data is expected to deviate from
the predictions of any stochastic choice model

» If the model captures behavior sufficiently well, the analyst
may be willing to sacrifice a perfect account of actual
behavior in favor of the simpler explanation of choice provided
by the imperfect stochastic model

» This is so because the model may provide tractability, has
sound behavioral foundations, facilitates a simple welfare
analysis and allows prediction exercises in related environments

» Hence, even without statistical error, there is randomness in
the data that is not predicted by the model, and therefore its



THE AIM OF THIS PAPER IS TO:

» To present a methodology for separating the data consistent
with the stochastic choice model (predicted randomness) from
that which falls outside the model (residual behavior)

P> We partition the data into two parts

1. one representing the predictions of the model, in which a
particular specification of the structured model is identified,

2. and the remainder representing residual behavior, where a
specification of unstructured residual behavior is singled-out

> We aim to maximize the portion that represents predicted
randomness.



THE AIM OF THIS PAPER IS TO:

» To present a methodology for separating the data consistent
with the stochastic choice model (predicted randomness) from
that which falls outside the model (residual behavior)

P> We partition the data into two parts

1. one representing the predictions of the model, in which a
particular specification of the structured model is identified,

2. and the remainder representing residual behavior, where a
specification of unstructured residual behavior is singled-out

> We aim to maximize the portion that represents predicted
randomness.

P This exercise provides us with three key elements:
1. the maximal fraction of data explained by the model
2. a particular specification of the model, and
3. a description of the residual behavior.



EXAMPLE

X y Z

{x,y,z} .15 .6 .25
{x,y} .25 75

{x,z} 7 3

{y. 2} 4 6

» The Luce Model: §,(a, A) = Zb”(:’)(b)
€

> {x,y} = u(y) > u(x); {x,z} = u(x) > u(2);
{y,z} = u(z) > u(y). Impossible!

» Questions:

» What is the fraction of the population that could be
understood & la Luce?

» Which Luce (which u)?

» Which residual behavior?



EXAMPLE: PREVIEW

» What is the fraction of the population that could be

understood 4 la Luce? .6
» Which Luce? v = (
» Which residual behavior?

111
4203

Data Luce
X y z X y z
{x,y,z} .15 .6 .25 .25 5 .25
{x,y} 25 .75 .33 .66
{x, z} 7 3 5 5
{y,z} 4 .6 .66 .33




OUTLINE

B

Framework and basic result
Discussion
Study of particular models of choice

Empirical application



1. FRAMEWORK AND BASIC RESULT

> Non-empty finite set of alternatives X

» Arbitrary domain of menus D

» Observations: O = {(a,A):a€ A€ D}

» SCF: maps from O to [0, 1] such that }°__,0(a,A) =1

» Data: a stochastic choice function p in the interior of SCF
» Models: Any non-empty closed subset A of SCF



SEPARATIONS

Primitives: data p and model A

Question: which are the specifications § € A and residual behaviour
€ € SCF, such that when combined at fraction A € [0, 1] represent
a separation of data p?

p=A~+(1—-N)e

In this case, we say that the triple (\,0,¢) € [0,1] x Ax SCF is a
separation of data p

> Sa: the set of all separations
» Maximal Separation (largest \)



MAXIMAL SEPARATIONS

» Existence: We have assumed closed, and given the nature of
stochastic choice functions, compact models A. A basic
argument using the continuity of A guarantees existence.

» Characterization: can we identify maximal separations?



MAIN RESULT

Proposition 1.

> \*=max min g(a’ﬁ)
JEA (a,A)c0 (2A)

a,A)
(a,A)

D
—

> §* =argmax min
0€A (a,A)€O

x p—)\*ﬁ*
> =T



Proor

Sketch of the proof:

>
>
>

p must be in the segment connecting § and ¢

(0,9, p) is a separation

When A grows, € must depart from p in the opposite direction
of 9, reaching eventually the frontier of SCF. This happens at
the frontier ¢(a, A) = 0.

Since € = 0 is equivalent to A = §, the frontier is reached for

these observations that minimize the ratio gg:’ﬁ\‘g.

» Data in these observations is too scarce with respect to the
predictions of the model

These are the critical observations O



2. Discussion

» Maximum likelihood
» Model selection
» Convex models

» Constrained residual behavior



MAXIMUM LIKELIHOOD (ML)

» ML identifies model instances, but does not quantify the
fraction of the data explained, nor does it characterises the
nature of the data that falls outside the model

» Therefore, we must limit the comparison to the model
instances identified by ML and MS

» Loss functions

A
> Lus(d,p) = (an)‘?go[l — =g

> Lw(0,p)= > p(a A)log 522
(a,A)€0 ’




MODEL SELECTION

Overfitting. Bigger models are better simply because they are bigger:
ACA

> Models have usually zero Lebesgue measure
> Worst-Best normalization usually ineffective % = \*

» DIMENSION; PARAMETERS



CONVEXITY

If A is convex, the set of separations can be proved to be convex.
Convex optimization problem

However, models are not usually convex (Deterministic, Luce). Mix-
ture models (RUM)



CONSTRAINED RESIDUAL BEHAVIOR

Residual behavior is extreme in critical observations. Maybe too
extreme?

AU {p} CRB C SCF

Reformulate the concept of separation: (), d,¢) € [0,1] x Ax RB



3. PARTICULAR MODELS A

Proposition 1 applies to any model A. We now study known models
to reach more powerful results

» The standard, deterministic model: all
randomness/heterogeneity is regarded as residual behaviour

» Three stochastic models, representing different sources of
randomness:

» Trembling: mistakes at the time of choosing
» Luce: randomness in the utility evaluation of alternatives

» Single-Crossing Random Utility Model: randomness in the
ordinal preference



THE MODEL OF LUCE

» u(x)>0forall x e Xand > yu(x)=1

~u(a)
W) = ()

» Luce: closure of this model



PROPOSITION ON LUCE

*

. . —A*§ . . .
Proposition.  (min(, 4 éﬁ((a;AA)),ét, pl y+-) is a maximal separation
b L 3 -

for the Luce model if and only if Os: contains a sub-collection
{(ar, A}y such that Uiy {ai} = Uiy Ar



SKETCH OF THE PROOF

> Let Os, = {(a;, Ai)}! not be cyclical: y € U,’-:1 Ai \ Ule{a,-}

» Move utilities in the direction of y: v(a) =al, + (1 — a)u:

> (a(:‘)A) with a # y € A: increase with «

» p(y,A)
S A . decrease with «

p(a,A)
> Su(ay(a,A) with y &€ A: constant

> Minimal 6ﬁ ratios increase for v, Proposition 1 implies u does
\'2
not provide a maximal separation

» Only when U,I':1 Ai = Ule{a;} there is no room for
improvement



LUCE ALGORITHM

X y z

{x,y,z} .15 6 .25
{x,y} .25 .75

{x,z} 7 3

{y,z} 4 .6

Step 1: Start, e.g., with u = (3, 3,3) and compute the £ ratios.
The only critical observation is (x, {x,y, z}), with ratio 75 45



LUCE ALGORITHM

X y z

{x,y,z} .15 6 .25
{x,y} .25 .75

{x,z} T 3

{y,z} 4 6

Step 2: Critical observations do not satisfy condition Proposition
2. Select one free alternative, e.g., y. Move along the segment
v(a) = a(0,1,0) + (1 — a)u



LUCE ALGORITHM

X y z
{x,y,z} .15 6 .25
{x,y} .25 .75
{x,z} 7 3
{y,z} 4 .6
Step 3: How?
p(a ) p(X {X,y,Z}) _ 15 1 1
> a;n;gA (@A) = Ty berel) = Lo (increases with «)
P A) . pldyzl) 4 :
> m|n ER ) Bl o 73 ) Rl (decreases with «)
a* = Z equals the above two equations: v = (%, %, }l)



LUCE ALGORITHM

X y z
{x,y,z} .15 6 .25
{x,y} .25 .75
{x, z} 7 3
{y,z} 4 .6

Step 4: The new critical observations, (x,{x,y, z}), (z,{x, z}) and
(v,{y,z}), satisfy the condition, giving a § ratio of .6

» Fraction of data explained: Apyce = .6
> Maximal separation:

> §, with v = (}1, %, %)

» From p = .60, + .4¢, we get €



LUCE ALGORITHM

p Sy €
X y z X y z X y z
{x.v,z} 15 6 25 25 5 25 0 75 25
x, v} 25 75 33 .66 125 875
{x,z} 7 3 5 5 1 0
{y, z} 4 6 .66 33 0 1




4. EMPIRICAL APPLICATION

» Experimental data from a different project, collected together
with Syngjoo Choi at UCL in March 2013

Lotteries (equiprobable)

L = (17) l4 = (30, 10) I = (40, 12, 5)
I = (50, 0) Is = (20, 15) lg = (30, 12, 10)
I = (40, 5) ls = (50, 12, 0) Iy = (20,12, 15)

» 37 individuals faced 108 different menus of lotteries: all 36
binary menus, and random samples of 36 menus of 3 and 5
alternatives

> Treatments NTL and TL
» Here: we focus on the binary menus, aggregate both

treatments, which gives a total of 87 observations per menu
overall



MAXIMAL SEPARATIONS

Maximal Separations

A A 5
Deterministic .51 Poer = [, s, la, 185 75 o, B3, Jg, 12]
Tremble 68 Preenbie = [, 15, s, lg, b7 Io, 13, Jg, ba]i v = .51
Luce 74 u = (0.22,0.02,0.09, 0.13, 0.25, 0.03, 0.07, 0.11, 0.08)
SCRUM-CRRA .78  F(—4.15) = 0.21, F(—0.31) = 0.25, F(0.34) = 0.27, F(0.41) = 0.29

F(0.44) = 0.43, F(0.61) = 0.47, F(1) = 0.53, F(4) = 0.56, F(c0) = 1




SCRUM-CRRA

Xl—r

1—r

» Single-Crossing collection of ordinal preferences, represented
by CRRA expected utility, ordered from most risk loving to
most risk averse

> P = [/2, /6, /3, /7, /4, /3, /5, /9, /1] for —oo < r < —4.15
P, = [/27 /67 I3, /77 I4, /g7 l5, /1, /9] for —4.15 < r < —0.52
P3 = [/27 /3, /67 /77 /4, /3, /57 /1, /g] for —0.52 <r S —0.13

» CRRA expected utility preferences: u,(x) =

vVvyyvyyYy

P =[h, s, lo,lg, la, Iz, Is, Is, ko] for r > 4.7
» 1: probability distribution over the set of preferences

> ou(a,A)= > u(P)
PeP:a=mp(A)



EMPIRICAL APPLICATION: MS vs ML

Maximal Separations and Maximal Likelihood

Deterministic

MS P=[h,l5,la,lg, k7,10, 13,16, )
ML P=1lh,ls,la,l8, k.00, 13,16, ]
Tremble
MS P=[h,ls,la,l3,17,00, 5,106, h]; ~=.51
ML P=1[h,ls,la,l8, k7,10, 13,06, ], ~ = .68
Luce
MS u = (0.22,0.02,0.09,0.13, 0.25, 0.03, 0.07, 0.11, 0.08)

ML u = (0.18,0.04, 0.1, 0.14,0.17,0.04, 0.11, 0.13, 0.09)

SCRUM-CRRA

MS  F(—4.15) = 0.21, F(—0.31) = 0.25, F(0.34) = 0.27, F(0.41) = 0.29
F(0.44) = 0.43, F(0.61) = 0.47, F(1) = 0.53, F(4) = 0.56, F(co) = 1
ML F(—4.15) = 0.22, F(—0.31) = 0.29, F(0.44) = 0.44
F(1) = 0.50, F(—4) = 0.56, F(co) = 1




MS vs ML: PREDICTION EXERCISE

> We take all the binary data except for one binary set, estimate
the model instances by MS and ML using these data, and use
the estimated instances to predict the behavior in the omitted
binary set

» We do so for all the 36 binary sets

» For some of these binary sets, both MS and ML overestimate
the probability of the same alternative in the binary menu
» This makes comparing their ability to estimate the probabilities
in this menu straightforward; one of the methods is
unambiguously more accurate than the other
» We therefore focus our comparison on these menus



Tremble Luce SCRUM-CRRA

A P MS ML A P MS ML A P MS ML
{lh,} 017 026 034 {lh,} 017 024 035 {ls,5} 020 021 022
{l,5} 020 026 034 {l,5} 020 026 029 {ls, 5} 020 024 029
{l,5} 020 026 034 {l,5} 020 023 024 {l,b} 022 026 029
{ls,l} 022 026 034 {ls,l} 022 029 031 {h,lg} 022 026 029
{h,lg} 022 026 034 {h,kF} 024 026 028 {ls,s} 024 024 029
{ls,s} 024 026 034 {l,h} 024 026 034 {h,k} 024 026 029
{h,k} 024 026 034 {ls,k} 027 033 027 {h,lk} 025 026 029
{l,h} 024 026 034 {h,lg} 036 045 043 {h,h} 025 026 029
{h,l} 025 026 034 {ly,l5} 036 042 041 {h,lk} 028 028 029
{h,h} 025 026 034 {h,lk} 039 053 052 {h,lg} 036 045 044
{ls,} 025 026 034 {ls,h} 042 054 048 {ly,lg} 036 047 049
{ls,k} 051 074 066 {lh,;} 044 054 045 {h, b} 039 045 044
{l, s} 051 074 066 {ls, s} 044 045 047 {h,h} 040 045 044
{k,k} 052 074 066 {ls,k} 051 063 054 {k,h} 042 053 051
{h, 4} 0.53 0.74 0.66 {ls, 1} 0.51 0.66 0.54 {lg, 7} 0.44 0.55 0.56
{ls, 5} 0.55 0.74 0.66 {h, s} 0.53 0.62 0.56 {lg, s} 0.45 0.47 0.49
{la, o} 0.55 0.74 0.66 {l, 1} 0.55 0.74 0.63 {la, h} 0.47 0.53 0.51
{ls, b} 0.56 0.74 0.66 {la, o} 0.55 0.63 0.61 {h, I} 0.48 0.53 0.51
{ls, Ig} 0.56 0.74 0.66 {la, s} 0.57 0.60 0.59 {ls, s} 0.49 0.53 0.51
{k,l} 056 074 066 {l,5} 060 071 064 {l,k} 051 058 056
{ls, 5} 057 074 066 {h,b} 067 080 070 {l,5} 055 055 056
{l,k} 058 074 066 {lh, b} 072 085 077 {ls,b} 056 058 056
{l,5} 060 074 066 {l,l} 072 087 081 {lh,l5} 056 056 056
{ly,5} 061 074 066 {,b} 075 091 081 {l,lk} 062 076 071
{l,lk} 062 074 066 {l,lk} 075 089 080 {h,k} 062 076 071
{lh,k} 062 074 066 {l,b} 075 092 079 {h,k} 063 074 071
{h,k} 063 074 066 {lh,lk} 076 081 0.78 {kk,k} 063 076 071
{l,k} 063 074 066 {h,lk} 064 076 071
{ls,lk} 064 074 066 {h,h} 067 076 071
{h,l5} 064 074 066 {h,k} 076 079 078
{lg, 5} 0.64 0.74 0.66 {ls,lo} 0.83 1.00 1.00




MS vs ML: PREDICTION EXERCISE

» The overestimation of small probabilities is less problematic
for the maximal separation technique

» While maximum likelihood deals better with the
overestimation of large probabilities



CONCLUSIONS

A new technique for:

» Separating predicted randomness from behaviour
» Determining the proportion of data explained by the model
» Identifying best parameters within a model

» Identifying which the limitations of a model are



OTHER SETTINGS

In a companion paper we analyse general settings, where X is a
compact and convex subset of a vector space.

This allows us to cover cases like:
» Discrete choice: the Poisson model
» Ordered continuum: CDFs
» Cross-sectional regression: the linear case
» Time series: exponential moving average
>

Game theory: the case of level-k



